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Attempt both questions.

Explain all the steps of your analysis and define any new notation that you use.

Show all the calculations that your analysis relies on.

Question 1: Cooperation and ad-

vertising

Consider a market in which two firms (indexed by
i = 1,2) are competing. How much each firm is
selling, and therefore how large profits the firms
earn, depend on how much the firms advertise.
In particular, what matters for each firm’s sales is
how much advertising the two firms do in aggre-
gate—because an advert for firm 1’s product effec-
tively informs the consumers also about firm 2’s
product (and vice versa). We formalize this idea
by specifying the following (reduced-form) profit
function for firm i:
x.z

mi(x1,X2) = X1 + X2 — 272/ 1)
where x; > 01is firm i’s advertising level and a; > 0
is a firm-specific efficiency parameter. We thus ab-
stract from the firms’ choices of a price or a quan-
tity, and only consider the impact of the advertis-
ing levels on the firm profits (this is the sense in
which (1) is a reduced-form profit function).

To start with, we assume that the two firms
interact in a simultaneous-move, one-shot game.
Specifically, the two firms simultaneously choose
their own advertising level, x;, with the objective
of maximizing the profit function in (1).

(a) Solve for the Nash equilibrium of the adver-
tising game described above.

A pair of advertising levels is said to be Pareto

efficient if there exists no other pair of advertis-
ing levels that makes neither firm worse off and
at least one firm strictly better off.

Formally, (x1,x7) is Pareto efficient if there ex-
ists no (x7, x5) such that 7;(x}, x5) > 7;(x1, x2) for
bothi = 1 and i = 2, with at least one of the in-

equalities being strict.

(b) For what values of 41 and a5 is the outcome of
the Nash equilibrium that you found in part
(a) Pareto efficient? Prove your answer for-
mally.

Now assume that there are infinitely many, dis-
crete time periods t (sot = 1,2,3,...), and at each
t the firms simultaneously choose their respective
advertising level, x;; > 0. The firms’ common dis-
count factor is denoted by 6 € [0,1). At the end
of each time period, the firms can observe each
other’s choice of x;;. To simplify the model, assume
that the efficiency parameters are given by

(a1,a2) = (2,3).

Let a pair of cooperative advertising levels be
given by (x{,x5) = (4,6). Consider the following
grim trigger strategy: In period t = 1, each firm
i chooses x;; = x{. In all later periods ¢, firm i
chooses:

* x; = x{ if each firm i chose x{ in all previous
periods;

* x;; = x}' if at least one of the two firms chose
some x;; # Xx{ in any previous period.
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Here, x"

i is firm i’s Nash equilibrium advertising

level in the one-shot version of the game (so the
advertising level you were asked to identify in part

(a)).

(c) Investigate under what condition the two
firms’ following the above trigger strategy
constitutes a subgame perfect Nash equilib-
rium of the infinitely repeated game. The con-
dition should be stated as 6 > K, where K is a
particular number (which must be specified).

Question 2: Finding more equilib-
ria in the BBPD model with a mix
of naive and sophisticated con-

sumers

This question revisits problem 6.7 (“Behavior-
based price discrimination with a mix of naive
and sophisticated consumers”), which we stud-
ied in the course. The model in problem 6.7 was,
in turn, an extension of the simple two-period
monopoly model of behavior-based price discrim-
ination (BBPD) that we studied in a problem set.
Below you can first find a restatement of the model
in problem 6.7.

The model is identical to the BBPD model in
the lecture slides (L3-II), except that a fraction
(1 —17) € (0,1) of the consumers are naive: they
buy at a given first-period price p; if and only
if that price does not exceed the consumer’s val-
uation: p; < r. The remaining fraction of con-
sumers, v € (0,1), are sophisticated: they are, ex-
actly as the consumers in our original model, ra-
tional and forward looking and therefore under-
stand that the firm charges different second-period
prices (p}! and p}) depending on if the consumer
bought in the first period or not. The sophisticated

respect to the valuation r € [0,1]. The distribu-
tion of r’s is the same for naive and sophisticated
consumers: it is uniform on [0, 1]. The mass of all
consumers (i.e., all naive and all sophisticated con-
sumers together) equals one. The firm is assumed
to be myopic, with a discount factor § = 0. The
firm does not have any production costs.

A given consumer’s r value is the same across
the two periods. The monopoly firm cannot ob-
serve this 7. Nor can it observe whether an indi-
vidual consumer is sophisticated or naive. How-
ever, the firm knows the fraction of sophisticated
consumers in the population (y) and, in the second
period, it knows whether an individual consumer
bought in the first period or not.

All in all, the model is identical to the one we
studied in the lecture slides (L3-II), except for the
presence of naive consumers and the assumptions
d=1and g =0.

As in the lecture slides, let 7 denote a cutoff value
of v such that sophisticated consumers buy in the
first period if and only if r > 7. We will look for an
equilibrium of the model that satisfies the follow-
ing requirements: p; < 7and 7 > 1.

One can show that demand in the second-period
“L-market” equals

Y4+ (1—v)p1—pk ifpl e (0,m]

g5 = v (7~ ph) if py € [p1,7]
0 if pb € [7,1],

@)
and therefore profits in the second-period L-
market equal 775 = g5p%. One can also show that
the price p) that maximizes those profits is given

by
if p) € [[olﬁﬁ]

7
L 2
P2 = P (1— . 7Y 3)
{ gi +(12 ILIRETE 1%/4 _

Furthermore one can show that demand in the
second-period “H-market” equals

consumers take that fact into account when decid- YA =P +(1—9)(1—p1) ifph €0, p]

ing whether to buy in the first period, using a dis- gl=1~ 1-7)+1—7)(1- P?) if p! € [py,7]

count factor that equals one: § = 1. 1—plf if pit € [7,1],
Within each group there is heterogeneity with 4)
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and therefore profits in the second-period H-
market equal 7t} = g}Ipll. One can also show that
the price pi' that maximizes those profits is given

~ ~ 1
) r - ifr S ﬁ -
H -7 > 1 =7
12 20-7) ifr > — andlpl f 20-7)
>
p1 if p1 = 2(1,7)-

®)
In the questions below you will be asked to in-
vestigate the possibility of another kind of equi-
librium than the one we looked for in problem 6.7.
In particular, we will here look for an equilibrium
in which the second-period prices are given by the
second line of (3) and the first line of (5), respec-
tively; that is,

—7

gzvﬂ(l—v)m

H
2 4 pZ

p

(a) By studying the first-period decisions of the so-
phisticated consumers, derive a relationship
between 7 and p; that must hold at an equi-

librium.

(b) By studying the firm’s profit-maximization
problem in period 1, find the firm’s optimal
choice of p;. Then use the information about
p1 and the information in (a) to calculate the
implied values of 7, p> and pkl. Investigate if
these values indeed are part of an equilibrium
of the model (if any conditions on the param-
eters are required, state these).

(c) Derive the expression for q? stated in (4). That
is, explain how we can obtain this demand
function, given the consumers’ preferences
and other assumptions that we have made.
You are encouraged to use figures, if you think
they can help you explain.

End of Exam
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